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ABSTRACT
The symplectic group Sp(n, F') over a local field F (other than C) has a
unique non-trivial twofold central extension. The inclusion of {£1} into

the circle C! induces an extension
1 —C' — Mp(n, F) — Sp(n, F) — 1.

In this paper, an explicit splitting of the restriction of this extension to
a dual reductive pair (G, H) in Sp(n, F) is given in all cases in which it
exists. Such an explicit splitting is often an essential technical ingredient
in the study of the local theta correspondence for the dual pair [4].

Introduction
The cocycle of the metaplectic cover of the symplectic group over a local field has
been well studied and has a nice expression in terms of the Leray invariant (8], [6].
On the other hand, in many applications it is the restriction of the metaplectic
cover to a dual reductive pair which is of primary concern. While it is known
that this restriction frequently splits [5], Chapt. 3., a nice explicit formula for the
splitting does not seem to occur in the literature. In this strictly utilitarian note
we give such a splitting in all cases in which it exists.

More precisely, suppose that F is complete local field of characteristic zero.
Let W denote a symplectic vector space of dimension 2n over F, and let Sp(W)
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be the corresponding symplectic group of rank n over F. We view Sp(W) as
acting on W on the right.
If F # C, the group Sp(W) has a non-trivial 2-fold cover

(0.1) 1 — pg — Sp(W) — Sp(W) — 1,

where 1. denotes the r-th roots of unity. For many purposes it is more convenient
to work with the associated C!-extension

(0.2) 1 — C! — Mp(W) — Sp(W) — 1,

obtained by including g into C!. It should also be noted that the C!-extension
used here splits over certain subgroups for which the corresponding 19 extension
does not split.

A cocycle for this extension has a very simple expression [8], [6], [5] in- terms
of the Leray invariant. Let Q@ = Q(W) be the space of n planes in W which are
isotropic for (,). The symplectic group acts transitively on Q and on the set of
pairs Uy, U € Q2 which are transverse (U; N U; = 0). To a given ordered triple
Uiy, Usg, Uz € Q which are pairwise transverse there is associated an n-dimensional
F vector space L = L(U;,Us, Us) with a symmetric, non-degenerate, F-bilinear
form (, )z. The isometry class of this form is uniquely defined and is the Leray
invariant of the triple.

The Leray invariant depends only on the Sp(W) orbit of such a pairwise trans-
verse triple and the orbits of Sp(W) on the set of such triples are characterized
by their Leray invariant. If Uy, Us, Us €  is an arbitrary triple, let

(0.3) R=(U;nU2)+ (UsnUs)+ (UsnUs)

and let Wg = R*/R with the natural symplectic form induced by (,). For any
U € Q, let Ug be the image of UNRL in Wg. Then the triple Urr, Uz,r, Us,p €
Q(Wg) is pairwise transverse and one defines

(0.4) L(Uy,Usz,Us): = L(Uy,r,Ua,r, Us,r),

so that L(U,Us, Us) is an isometry class of symmetric bilinear forms of dimen-
sion n — r,where r = dimR. Again the Sp(W) orbit of the triple Uy, Us, Us
is determined by the dimensions of their mutual intersections and their Leray
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invariant [8], Theorem 2.11. All of these facts are very nicely described in Rao’s
paper [8] .

Finally, we fix a non-degenerate additive character ¢ of F, and, for any (non-
degenerate) symmetric F-bilinear form L, we let yp(¢p o L) € ug denote the Weil
invariant of the character of second degree x — ¥((z,z)L).

Remark: At this point there is a choice to be made. If (, )r;: Lx L — Fisa
symmetric bilinear form, we could have taken

(0.5) Liz) = %(m)L

as the associated quadratic form, following a classical convention, as, say, in
Cassels [2], p .7, in introducing the factor of 3. For example, if L = F with
(z,y) = zy, then L[z] = %xz. On the other hand, in our definition of vz (1oL}, we
have followed Rao’s convention in taking the quadratic form = — (z, z) = 2L[z].
This was done to maintain consistency with his formulas. The price, however, is
that in many places it is the Weil index 'y(%z,b o L) which occurs, i.e., the additive
character 1 is replaced by n = %1/), n(z) = w(%x) On the positive side, the
matrix ((z;,z;)) of inner products for a basis {z;} for L is the matrix both for
the inner product and for the quadratic form z — (x,z)r which is used in the
calculation of y(¢ o L).
The result of Rao and Perrin is the following:

TueOREM (([8], [6])): For any fixed Y € Q(W) there is an isomorphism
Mp(W) =~ Sp(W) x C'

where

(91, 61)(92,62) = (9192, €1fzcv(91,92))

with cocycle cy given by

1 _
cv(91,92) = ¥r(59 o L(Y, Yg; 1, Yg1)).

Remark: The second statement here should be compared with Theorem 4.1 (5),
p. 358 of [8].
Since the Weil invariant is identically 1 when F' = C, we will exclude this case

from now on.
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Our goal is to describe the restriction of the metaplectic cover to certain dual
reductive pairs (G, H) in Sp(W). These are defined as follows: Let D be a division
algebra whose center E contains F, and let 7: D — D be an involution of D
(anti-automorphism of D of order 2). Assume that F is the set of fixed points of
the restriction of T to E. The possibilities for (D, E, F, 7) are

1. D=FE=F and 7 =id.

2. D is the unique division quaternion algebra over F = F and 7 is the main

involution of D.

3. D = E is a quadratic extension of F' and 7 is the non-trivial Galois auto-

morphism.

Fix € = 1. Let W ~ D?" (row vectors) be a left vector space over D of
dimension 2n with e-skew hermitian form

(0.6) ((z1,91), (T2, Y2)) = T1 - 'y] — €y - '],
and let
(07) G= {g € GL?H(D) | (wlg,wzg) = (wl’w2)s lev we € w }’

be the isometry group of W. Note that W has a complete polarization (decom-
position as a direct sum of a pair of maximal isotropic subspaces) W = X +Y
where X = {(z,0)| z € D"} and Y = {(0,y)| y € D"}. Let V, (, ) be a right
D vector space of dimension m with a non-degenerate e-Hermitian form and let
H denote the isometry group of V. If we let d = dimp D and let tr: D — F be
the reduced trace, then

08  W=VepW, <<,>>=n-tr((,)®<,>f),

where

1 incasel

(0.9) = { )

5 in cases 2 and 3,

is a symplectic vector space over F' of dimension 2nmd. There is a natural

homomorphism

(0.10) t: G x H — Sp(W)
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and (G, H) is a dual reductive pair of type I in Sp(W). It is not the most
general such pair, since we have assumed that W is even dimensional over D and
split i.e., admits a complete polarization. There are 6 cases, 1, 2. and 3.. Of
course, Hermitian and skew-Hermitian forms may be identified in case 3, but this
identification is not canonical, so we prefer to avoid it.

Let (W) denote the space of D subspaces U C W, with dimp U = n which
are isotropic for (,). Again G acts transitively on Q(W) and on the set of pairs
U, U, € (W) which are transverse. Moreover, given a triple Uy, Us, and U; €
Q(W), the definition of the Leray invariant can be carried over without essential
change - see §1— to yield an invariant 'L p (U, Uz, Us) which is an e-Hermitian form
over D of rank n —r ( r = dimp R, as before) and which is uniquely determined
up to isometry. Here, to be precise, we should view L = Lp(Uy, Us, U3) as a left
D vector space with an e-Hermitian form (, )z: L x L — D. Moreover, for a
fixed V as above, there is a map

(0.11) . | e-Hermitian forms over D _ symmetric forms over F
) Hy: of rank k of rank mkd

given by

(0.12) L—V@®pL (, )#V<L)=~-tr((, vel(, )E)-

Finally, there is a natural map

(0.13) Ry: Q(W) — QW)
given by
(0.14) RyU =V ®pU.

Let vy: G — Sp(W) and tw: H — Sp(W) denote the restrictions of ¢ to
G x 1 and 1 x H respectively. Our first observation is the following:

PROPOSITION 0.1:
(i) Ry is compatible with the Leray invariant, i.e.,

pv(Lp(U1,Us,Us) ) = L(Ry Uy, RyUs, RyUs).
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Thus the diagram

Qw): —E . qw)3

1LD L

Herm¢(D)/ ~ ~£Y~ Sym(F)/ ~,

cominutes, where ~ denotes equivalence up to isometry.
(ii) In particular, for any Y € (W), let Y = RvY. Then

ev(uv (91), w(92)) = v ( 58 0 v (Ln(Y, Yo7, Yor))).

Thus the Leray invariant and the Perrin-Rao cocycle are ‘natural’.

On the other hand, the isometry classes of symmetric bilinear forms over F' are
characterized by their dimension, determinant and Hasse invariant in the non-
archimedean case, and by their dimension and signature in archimedean case [10].
A similar, and often simpler, set of invariants characterize the isometry classes
of e-Hermitian forms over D, [7], [9], and the map py has an explicit description
in terms of these invariants (Proposition 2.1). Moreover, the Weil index (o L)
of an arbitrary quadratic form L depends only on the isometry class of L and is
determined in an explicit way by the invariants of L (Lemma 3.4). Using this
description and that of uy, we calculate the cocycle ey(tv(g1), tv(g2)). The fact
that the invariants of Lp are usually rather simple allows us to find (Theorem
3.1) an explicit and relatively simple function By whose coboundary is cy, except,
of course, in case 1, with m odd, when the cocycle remains nontrivial.

In section 4, we consider the case in which the space W is not split. Here a
doubling procedure suggested by Michael Harris is used to reduce this case to
the split case and to give “explicit” splittings (Propositions 4.1, 4.6, and 4.8).
Finally, in the last section, we again assume that W is split, and we describe the
operators which give the action of G(W) in the standard Schrodinger model of
the Weil representation.

Section 1. The Leray invariant Lp and proof of Proposition 0.1
Section 2. Classification of elements of Herm¢ (D) and the map pv
Section 3. Explicit trivializations

Section 4. Other unitary groups, some examples

Section 5. Schrodinger models
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1. The Leray invariant Lp

In this section we sketch the definition of the generalized Leray invariant Lp. In
fact the proofs in Rao’s paper [8] go over with only minor changes, and so we
simply will recall, usually without proof, some of the main structural facts which
must be checked.

1.1 Let W, (,) be a split e-skew Hermitian space over D and define G, Q(W),
etc. as in the introduction. For any U € Q(W), let Py C G be the stabilizer of
U and let Ny = {g € Py| g|lv = id} be its unipotent radical.

Given a triple Uy, Us, Us € Q(W), there exists an element g € Ny, such that
Usg = Us if and only if Uy N U, = Us N Uy, and this element is unique if Us and
Us are both transverse to U;. This is Lemma 2.3 in [8]. Now suppose that Uy,
Us,and Uj are pairwise transverse. Let g € Ny, be the unique element such that
Uag = Us, and write

1
(1.1) g= (0 /1)) p € Homp (U3, Uy)
with respect to the complete polarization W = Uy + U;. Then let
Lp = Lp(Uy,Us,U3) = Uy

and for £ and y € Lp, let

(12) (x?y)LD = (IL‘, yp> = (:L‘,yg)
Note that

(,9)Lp = (T, ¥P)
= (z,y9 — y)
= (zg9, (y9 — ¥)9)
(L.3) = (zg,y9 — y)
= —(zg,7)
= €(y,z9)"

=€y, 7)1,
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Thus Lp, (, )L, is an e-Hermitian space over D. It is non-degenerate:

a 4) (.’II,y)LD = (:L‘,y'g) =0, VzreLlp="U;
= y-geUr;,LﬂU3=U2r‘1U3=0,

since U, and Us are transverse.

LEMMA 1.1: Given ordered triples Uy,U,, U3 and Ui, U3, U; € Q(W), each of
which is pairwise transverse, there exists an h € G such that U;h = U if and
only if Lp(Uy,Us, Us) and Lp(Uy,Uj, Us) are isometric.

Proof: If an isometry
(1.5) g LD(Ul,Uz, U3) = U2 L’ LD(U{, Ué,Ué) = Ué

exists, then there is a unique extension of ¢ to an element ¢ € G such that
Uijo =Uj. Let g€ Ny, and ¢’ € Ny, be the elements used in defining Lp, i.e.,
such that Usg = Uz and Ujg’ = Uj. For z and y € Us, - g - 0 is an arbitrary
element of Uso and y- o - ¢ is a arbitrary element of U;. We compute:

(-g-0,y-0-9)={(z+zp) 0,y0+yop)
= (zo,y0) + (z0,yop') + (zpo,yo) + (zpo, o))
(1.6) =0+ (z,yp) + (zp,y) + 0
= (2,y)Lp — (v, 2P)"
= (z,¥)1p — €(, 7)1, =0
Thus Use C (U4)t = U}, and hence the two must coincide. The other assertion
is easy. [ |

Rao’s proof that Lp(U,Us,Us) is alternating for permutations of the Uj’s
carries over without change.
For an arbitrary triple Uy, Uz, U3 € Q(W) we have

LEMMA 1.2 (Rao’s 5-term Lemma): There exists an orthogonal decomposition
W=Wo+W+Wo+ W3 +W,
with W;, (,)|w. non-degenerate and split, such that

U,'=WoﬂU,'+W10U,'+W20U4+W30U,'+W40U,'
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fori=1,2,3 and

(0) UnWo=UsnWy =UsNW,

(1) Uy NWy is transverse to Uy N Wy =Us W,

(2) U, N W, is transverse to Us N Wy = Uy N Wy

(3) Uz N W3 is transverse to Uy N W3 = Uy N W3

and

4) UynWy, UynWy, UsnNW,y are pairwise transverse.

For later convenience we set 2r; = dimp W;.

Now, as in Rao’s case, set
(1.7) R=UinU;+U,NnUs+UsnNU;
and let Wg = R+ /R. Let U; r denote the image of U; N R* in Wx. Then define
(1.8) Lp(U1,Us,Us) = Lp(Uy R, Ua, R, Us R).

Note that, if r = dimp R, then dimp Wg = 2n — 2r and Lp(Uy,Us,Us) is an
e-Hermitian space over D of dimension £ = n —r. It is then easily checked using
the five term Lemma that this Leray invariant together with the dimensions of

the mutual intersections characterizes the G orbit of the triple.

Remark: Note that, while the above facts are almost entirely trivial extensions
of the corresponding assertions in Rao, there are certain differences which must
be kept in mind. For example, not all non-degenerate subspaces of W need be
split in general. Moreover, in case 1_, i.e., for W with a split symmetric bilinear
form over F with dimgp W = 2n and n odd, no pairwise transverse triples Uy, Us,
Us € Q(W) exist (!) (the Leray invariant must be a non-degenerate alternating
form of dimension n in this case) and the ‘reduction’ step is always necessary.

1.2 The facts about G orbits in (W) just described yield structural informa-

tion about G. To make this precise, again following Rao, let ey, ..., e,,€},... €,
be the D basis for W which gives the isomorphism W ~ D?" of the introduction,
and define 7 € G by ¢;- 7 = —¢e! and e} - 7 = ¢; for all i. Then 72 = —¢ - 1o,,.
For any subset S C {1,...,n}, define 75 € G by
ei-T7 ifiesS
1.9 € "Tg = p -
(1.9) s { e ifigs
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el-r ifieS
1.10 P
(1.10) TS {eg ifigs.

Then it is easily checked that, for Y = spanp{e{,...,e,} and for P = Py and
N = NY)

(1.11) G=]]PrP
=0

where 7; = 171, ;}, and PrsP = Pr; P if and only if | S| = j. If we write

_(a b
9=\ec d
with respect to the complete polarization W = X +Y defined in the introduction,

then ker(c) = Y NYg~!, and g € Pr; P where j = n — dimp ker(c).
Next, using the five term Lemma, we obtain:

ProposITION 1.3 (Rao): Given g, and g2 € G, there exist p, py p2 € P such
that

g1 =pikap~t, g2 = pKap2
with
ky = diag[l, 7,1, 7, Tn(p)]
kg = diag[l,7,7,1,7].
Here the block sizes in k1 and ko are given by 2ro, . .., 2ry, with 2r; = dimp W},

j=0,1,2,3,4 where W = Wy + Wy + .- + Wy is the five term decomposition
associated to the triple Y,Y g5 1 'Yg,. Moreover, p = €p” is a nondegenerate
e-Hermitian matrix in the isometry class of Lp(Y,Y g5 LyYg).

Here, if p € Herm;, (D) we write

(1, p ({0 —e-1,
(1.12) n(p)—(0 1n>, and T—(ln 0 ),

and similarly in the smaller blocks.
We will need to carry over Rao’s function z(g). If g = p17sp2 € P7sP, then

(1.13) pip2ly € GLp(Y) ~ GL,(D),
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and we let

(1.14) z(g9) = v(pip2ly) € E*

be the reduced norm of this element. To determine the extent to which z(g)
depends on the choice of py, po and S we need the following (which is just a
translation of Rao’s consistency Lemma 3.5 to our context):

LEMMA 1.4: Suppose that p; and p; € P and g = (’i 3

p1gp2 = g. Let Y = Y/ker(c). Then p;|y preserves ker(c) =Y NYg~! and, if p,
denotes the endomorphism of Y induced by p;, then
(det(p1))(det(p1))” = det(p1paly).

Proof: As in Rao we can reduce to the case ¢ = 75 and we write everything
with respect to the decomposition W = Xg + X5 + Ys + Ys1, e.g.,

1
(1.15) TS =

) € G are such that

1
Then py7sp; = Ts implies that py; and p; € P Py, Since Y75 = Xg + Vg,
we have Yg» = Y75 NY is preserved by p; and p;. This shows that p; and p,
preserve the flag W D Xg+Y D Y D Yg, and hence are upper triangular.
Write p; = (a;;) and p;* = (bs;). The condition p;7s = 7sp; * then implies that
a91 = a43 = 0, bgy = by3 =0 and
(1.16) ay; = by, azz = baa, azs = by, agq = byg,

and a3 = 0. Thus

det(p1pzy) = det(p1}y) det(p; '|y) ™"
(1.17) = det(a33) det(a44) det(b33)_l det(b44)_1
= det(a33) det(agz)_l.

But now, on the Wg = X5 + Y5 block, i.e., on Xg + Y/Ys:, p; has matrix

(1.18) (632 agg) = ((tagg)_l ags)'

s0 that az; = (*al,)”!, and det(asz) ! = det(as3)”. But finally, Y NY 75! = Yo
so that Y = Y/Ys ~ Y5, and det(p;) = det(azs3). This proves the relation we
want. 1
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COROLLARY 1.5: The quantity z(g) is a well defined element of F*/F*+? in
cases 1 and 2, and of EX/NE* in case 3.

Note that the quantity z(g) actually depends on the choice of standard basis
€1y.04y e;.

Finally, the following relation, which occurs in Rao’s paper, will be of funda-
mental importance:

PROPOSITION 1.6: Suppose that g, and g» € G with g; € P7; P, g» € P7;, P
and g1g2 € Pr;P. Let p= Lp(Y,Yg; 1Y g1) be the associated Leray invariant
and set £ = dimp Lp(Y,Ygs 1'Yg1) = dimp p. Define t by the relation
At=51+j42—-J5—¢
Then
2(9192) = (g1)z(g2)(~e€)" det(p)

where det(p) is to be interpreted as the reduced norm of p € M¢(D) in case 2.
Proof: Consider the decompositions g; = pyk1p~},and g2 = pkap2 as in Propo-
sition 1.3 and note that

n=ri+r3+¢
(1.19) Jo=ri+ret+d

j=ro+r3+L.

We have

z(g91) = z(p1)x(p) ™
(1.20) z(g2) = z(p)z(p2)
z(g192) = z(p1)z(K1K2)z(p2)-

Now
(1.21) Kikg = diag[l, —e, 7,7, T(p)T]
and
m™(p)T = (_6 B )
(1.22) ps

- (Uﬂgl)’ g) n(=etg"rn(—epY).
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Note that the block sizes in «; are rg,71,72,73, and £ in our present notation.

Since

(1.23) Jitfe—F=2r+¢

we conclude that r; =t and that z(k1k3) = (—€)™ det p, as required. ]
1.3

Proof of Proposition 0.1: We now fix V, W, W etc. as in the introduction.
For a triple U;,Us,Us € Q(W), which is pairwise transverse, let RyUy, RyUs,
RyU; € Q(W) be the corresponding triple. Let Lp = Lp(Uy,Us,Us) and L =
L(RyUy, RyUs, RyUs) be the Leray invariants. Note that if ¢ € Ny, is the
unique element such that Usg = Us, then wy(g) € Np, v, is likewise the unique
element such that Ry Usty (g) = RyUs. Then, forz andy € U andvand w € V,
we have

(v®z,wRY)L = ({(v®z,wed (yg))
= k- tr((v, w){(z,yg)")

= K- tT((v, w)(xay)zp)
= (’U®:L‘,’w® y)pv(LD)'

(1.24)

This proves (i) of Proposition 0.1 in the pairwise transverse case. In general,
it is clear that the ‘reduction’ procedure is compatible with Ry, and so (i) of
Proposition 0.1 is proved. Part (ii) then follows immediately. |

2. Classification of e-Hermitian forms over D and the map py

In this section we first recall the invariants which characterize an e-Hermitian
form over D in each of the cases 1., 2. and 3.. Good references for this material
are [7] and [9). We then describe the map py: Herm®(D) — Sym(F) in terms
of these invariants and those of V.

2.1 Let L be an e-Hermitian space over D. Recall that in the three cases we
have: 1. D = F = F, 7 = id, 2. D quaternion algebra over £ = F, 7 = main
involution, and 3. D = E, quadratic extension of F, 7 the non-trivial Galois
automorphism. Then invariants which characterize the isometry class of L are
given by the following table:
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Table 2.1

Invariants of e-Hermitian forms ( F non-archimedean)

Case invariants
1; L symmetric bilinear dimp L detL € F*/F*? hp(L)
1_ L symplectic dimg L
24+ L quaternion Hermitian dimp L
2_ L quaternion skew-Hermitian dimp L detL € FX/F*:?
3, L Hermitian dimg L detL € FX/NE*
3_ L skew-Hermitian dimg L det L € (§)4ime LFX /NEX

Here, for example, in case 1, we choose a basis {z;} for the F' vector space L
such that the matrix of inner products ((z;,z;)) = diag(a,...,a) is diagonal.
Then
(2.1) det(L) = det((z;, z;)) = Hai,

i
and the Hasse invariant is given by
(2.2) he(L) = [[(aisa;)r-
i<

In case 2_, if @ € M,(D) is a skew-Hermitian matrix representing L, det L means
the reduced norm of Q. In case 3, E = F(6) where A = §2 € FX.

Table 2.2
Invariants of e-Hermitian forms (F = R)

Case invariants

1, L symmetric bilinear dimp L sigl

1_ L symplectic dimpg L

24+ L quaternion Hermitian dimp L siglL

2_ L quaternion skew-Hermitian dimp L

34+ L Hermitian dimg L sigl

3_ L skew-Hermitian dimg L sigl

Here sig L denotes the signature of L. In case 3_, this is the usual signature
of the Hermitian space obtained by scaling the skew Hermitian form on L by 6.
Using these facts, we can describe the map py explicitly.
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PROPOSITION 2.1: Suppose that F is non-archimedean and let V' be a fixed e-
Hermitian form with m = dimp V. Then the invariants of uy (L), the image of
L € Hermy(D) under the map

pv: Hermp(D) — Sym,,,q,(F), L—VeplL

are given as follows.
Case 1,: dim puy (L) = m¥, det(uy (L)) = det(V)? det(L)™ and

he(pv(L)) = hp(V)*hp(L)™ (det(V), det(L)) 7"

X (=1, det(V))p T (=1, det(L)) F

Case 1_: dim py (L) = m¢, det(uv (L)) = 1, hp(pv(L)) = 1.
Case 2;: dimpy (L) = 4m¥, det(pv (L)) =1,

he(uv(L)) = hp(D)™ = (=1)™(-1, -1)F".
Case 2_: dimuy (L) = 4mé, det(py (L)) = 1,
he(uyv (L)) = (=1)™(~1,det(V))f (—1,det(L))} (det(V), det(L)) .

Case 3,: dimuy (L) = 2m{, det(uy (L)) = (=A)™, and
hr(av(D) = (<1, —A)F 7 P (A, det(V))5 (A, det(L))E
Case 3_: dimpuy (L) = 2m¥, det(uy (L)) = (~A)™, and
he(av (L)) = (-1 A7 T T (4,67 det(V))5 (4,8 det(L)) -

Recall that, in case 3, D = E = F(§), with 2 = A. The notational conventions
about determinants are explained in the proof.

The analogous result in the archimedean case is very easy:

PROPOSITION 2.2: Suppose that F = R. In cases 14, 24, and 34 let sig(V) =
(p,q) where p + ¢ = dimp(V) and let sig(L) = (r,s) where r + s = dimp(L).
In case 3_, fix a choice of § and let (p,q) (resp. (r,s)) be the signature of the
Hermitian space obtained by multiplying the form on V (resp. L) by 6. Then
the invariants of the form py (L) are given by:
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Case 1,: dimpy (L) = mf and sig{uv (L)) = (pr + qs,ps + qr)

Case 1_: dim uy (L) = mf and sig(uy (L)) = (B¢, B¢

Case 2,: dim py (L) = 4m¢ and sig(pv (L)) = (4(pr + ¢s),4(ps + gr))
Case 2_: dim py (L) = 4mf and sig{py (L)) = (2mL, 2ml)

Case 3,: dimpy (L) = 2mf and sig(pv (L)) = (2(pr + ¢s), 2(ps + qr))
Case 3_: dim py (L) = 2m{ and sig(pv (L)) = (2(pr + ¢s), 2(ps + gr))
Note that in this last case the result is independent of the choice of 6.

The proofs of these results are an easy case by case calculation, which will
occupy the remainder of this section.

Proof of Proposition 2.1:

CASE 14: It is clear that dimpV ®F L = mf and det(V ®f L) = det(V)*
det(L)™. On the other hand, choosing bases which diagonalize both forms and
calculating, we obtain:
(2.3) hp(V ®r L) = hp(V)thp(L)™(det(V), det(L))pt!
2](t—-1) m(m-—1)

x (_ladet(v))F : (—'l’det’(L))F :
CASE 1_: In this case it is clear that V @p L is a split quadratic space of
dimension m¢. Thus it has deteminant (—1)™¢ = 1 and Hasse invariant

mi(me—1)
(—1’_1)13‘ 2 = la

since m and £ are both even.

Cask 2;: Now dimp(V ®p L) = 4ml. There exists a D-basis for V for which
the form has matrix diag[ay, ..., am] with a; € F*, Thus

(2.4) VepL~a-L+---+am L.

Also there exists a D-basis for L for which the form has matrix diag[bi,...,b]

and hence
(2.5) L~b-D+---+by-D

where D has the standard Hermitian form (x,y)p = zy”. The invariants of
the associated quadratic form (z,y) = $tr(z,y)p are dimp(D) = 4, det(D) =
1( mod F*?) and hp(D) = —(~1,-1)p. Note that hp(b- D) = hp(D), and
hp(L) = hp(D)t. Thus we obtain det(V ®p L) = (det(V))*(det(L))*™ =1 and
he(V ®p L) = hp(D)™.
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CASE 2_: In this case we may choose D-bases for V and L for which the skew-
Hermitian forms have matrices diagfai, . .. a.] and diag[f, ..., Be] respectively.
Here o; and B; € D* satisfy o] = —o; and B8] = —f;. For a of this type, let
D, denote the 1-dimensional left D vector space with skew Hermitian form with
matrix a, i.e., (z,y)p, = zay". Similarly, let ,D denote the 1-dimensional right
D vector space with skew Hermitian form with matrix a, i.e., (z,y),p = £7ay.
Then o D®p Dg is a 4 dimensional vector space over F' with symmetric F-bilinear
form given by
1 T T\T
(2.6) (z1®y1,T2Qy2) = i ((zTaz2)(110y3)7) -
LEMMA 2.3: Let a = v(a) and b = v(3) be the reduced norms of a and 3. Then
det(o D ®p Dﬂ) =1
and
hr(aD ®p Dg) = (a,b)rhr(D).

Using this we obtain det(V ®p L) =1 and
27)  hp(V ®p L) = (~1)™(=1,det(V))§ (-1, det(L))F (det(V),det(L))r.

Here det(V) = v(a1az . .. am) if a; are as above, and similarly for det(L).
CASE 3,: Let § = —67 be as above with A = 2. First we observe:

LEMMA 2.4: If Q is an Hermitian space of dimension q over E and if RQ is the
underlying 2q dimensional F vector space with quadratic form %tr( , ), then

det(RQ) = (-A)*

and »
he(RQ) = (-1,-8)p T (A, det(@))r.

Now choose an E-basis for V for which the Hermitian form has matrix
diaglay, ..., am),
so that

(2.8) VegL~a-L+---+a,-L.
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Applying Lemma 2.4 and the properties of the Hasse invariant we obtain:
(2.9) det(V ®g L) = (-A)™

and

ml!l—l! m(m—1)
(2.10) hp(V@pL)=(-1,-A)p 2 7077 (A,det(V))s(A,det(L))E.

CASE 3_: This case may be reduced to the previous by multiplying the forms
by 6. If V! and L’ are the resulting Hermitian forms, we find that det(V ®g L) =
det(V' ®g L') in F*/F*?, and hp(V ®g L) = hg(V' ®g L'). Thus Ry L and
Ry L' are isometric as quadratic forms. The formulas of case 3, can then be
applied. ]

Proof of Proposition 2.2: Easy and omitted. |

3. Explicit trivializations

In this section we use the results of the previous two sections to give an explicit
trivialization of the cocycle (ty)*cy where Y € (W) and Y = RvY € Q(W).

THEOREM 3.1: Let W and V be as in the introduction, with dimpV = m.
FixY € Q(W), and let Y = RyY. For the fixed additive character 9, of F
let n = %1/), so that n(z) = w(%m). In case 3, choose a character £ of EX whose
restriction to F'* is the €&/ where eg/p(x) = (z, A)F is the quadratic character
for the extension E/F. For g € Pr;P C G = G(W), the j-th cell, let z(g) be as
in (1.14) and Corollary 1.5 and let

( 1r(z(g),n) ™ (z(g),det(V))pyr(no V) in case 14

1 in case 1_

(=)™ in case 2,

Arlg) = ((=1)™det(V),z(9))r (—l,det(V))i,-. hg(D)™  in case 2_
£(z(g))vr(no RV)™I in case 34

L £(x(9))E(8Y vr(no RV')™ in case 3_

Here, in case 3, RV is as in Lemma 2.4, and

vr(no RV) = (A, det(V))pyr(=A,m)™r(=1,1)"™.
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Also, in case 3_, V' denotes the Hermitian form obtained by scaling the skew
Hermitian form on V by 8. Then, excluding the case 1, with m odd,

ev(ev(g), v (g2)) = Bv(9192)Bv(g1) "By (92) ™"

More precisely, in case 1,4,

ey (ev(g1), tv(92)) Bv(9192) ™ By (91)Bv(g2)

is the m-th power of Rao’s normalized (i.e., py-valued) cocycle

Y(g1,92) = (z(9192), —x(g1)z(92)) F (x(g1), 2(92)) F
x (=1, ~1)p 7 ((~1)',det(Lp))r hr(Lp),

and hence is trivial if and only if m is even. Here t is as in Proposition 1.6. Note
that this cocycle is independent of V and v and, when m is even,

Bv(9) = xv(x(9))vr(no V)™

where g € P7;P and
XV(x) = (.’L‘, (—1)% det(V))F’

a well known result.

Remark: J. Adams pointed out that the puo valued cocycle given by Rao in his
Theorem 5.3 should have the factor (-1, _1)1_@2__12 in place of (-1, —1)&%‘1}. Note
that Rao’s [ is our . Adams also pointed out an analogous error in our original
version of Theorem 3.1!

Remark: Case 3 was also considered by Gelbart and Rogawski [4], section 3,
who emphasized the importance of the dependence of the splitting on the choice
of &.

COROLLARY 3.2: Suppose that F = R, and let ¢¥(z) = e(x) = e***. For
geEPr;PCG=G(W),let

( r(z(g), %) ™(x(g),det V)ry(¥ o V)™  incase 1,

1 in case 1_

_ (-1)™ in case 24
Arle) = j 1 in case 2_
£(z(g)) i) in case 3.

L €(2(9)) £(2)7 i~ P—9) in case 3_
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Here, in case 3, ¢ is any character of C* which extends the quadratic character
xc(z) = sgn(x)™ of R*. Then, excluding the case 14 with m odd,

ev(ev(91), ev(92)) = Bv(9192)Bv (91) " Bv (92) "

Remark: For 1(z) = e(x) = €?™®, we have
(3.1) Tr(a-¥) = e(@)-

Recall that, in case 14, if V has matrix ((z;,z;)) = diag(ay,...,am) for some
basis {z;}, then

(3.2) (Yo V) = w(a1¥) - 1wr(aa®) = e(%)”_q,

since V has signature (p, ¢). Similarly,

'yR(m/))_{l ifa>0
w@®) | -i ifa<o.

(33) w(a, ) =
Thus, in case 1, we have

e(%)—j(p_q) ifz(g) >0

P9 e(%)_j(p_q) if z(g) <0

(3.4) Bv(g) = {

COROLLARY 3.3: With the notation of Theorem 3.1, and excluding the case 14
with m odd, the map

iv(g) = (v(9), Bv(9))

defines a splitting of the restriction to G of the metaplectic cover:

MPIW) =~ Sp(W) x C!
G —Y—+ Sp(W)

The following relation will be useful in the proof of Theorem 3.1

LEMMA 3.4: If L, (, ) is an inner product space over F which has a basis
for which the form has matrix diag[ay, . . .,a¢], then, for any non-trivial additive
character 7, the Weil invariant is given by

1r(no L) = yr(det(L),n) vr(n)* hr(L).
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This expression depends only on the isometry class of L.

Proof:
yr(no L) = yr(a1n) ... vr(aem)
= vp(a1,n) ... vr(ae, M) vr(n)°
(3:5) = vp(det(L), n)vr(n)* [ (e, a5)r

i<j

= yr(det(L), n)yr(m)*hp(L). W
Proof of Theorem 3.1: Once again we proceed case by case. As in the previous
section we let

m = dimD(V)
Lp=Lp(Y,Yg; ,Yaqn) for g; and go € G
(3.6) ¢ =dimp(Lp)
L= :U’VLDa
1
n= Elﬁ

so that, in all cases, the cocycle in question is given by

t*ey(g1,92) = vr(no L)
= yp(det(L),n)vr(n)*hp(L).

The idea now is to calculate the quantities in this last expression in terms of

(3.7)

the invariants of V and of Lp, as in Propositions 2.1 and 2.2. The notation of
Propositions 1.3 and 1.6 will also be retained.

CasE 14: This is, in some ways, the most complicated case. By Proposition 1.6,

we have

(3.8) {=dim(Lp)=ji+j2—j—2t
and

(3.9) det(Lp) = x(g192)z(g1)z(g2)(-1)".
Thus

7p(det(L), 1) = (det(V'), det(Lp) R vr (det(V)", n)vr(det(Lp)™, m)
(3.10) = (det(V), det(Lp)) R4 (~1,det(V))p T yr(det(V),n)"

m(m—1)
x (-1,det(Lp))p = ~r(det(Lp),n)™.
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and, as in section 2,

(3.11) hp(L) = hp(V)thp(Lp)™(det(V), det(Lp))p’™"

X (=1, det(V)) T (=1, det(Lp))p T
This gives
(312) yr(noL) = hr(V)'hp(Lp)™(det(V),det(Lp))r

x vr(det(V), n)*vr(det(Lp), n)™vr(m)™

Now set

(3.13) Bolg) = hr(VY (det(V), 2(g))r Yr(det(V),n)~7,

where g € P7;P. Then we have

(3.14) yr(noL) = Bo(9192)Bo(g1) " Polg2) * [hr(Lp)rr(det(Lp), n)vr(n)] ",

where we have used the fact that (det(V),(—1)*)Fyr(det(V),n)~% = 1. Thus
we have reduced our cocycle to an m-th power. On the other hand,

vr(det(Lp),n) = (2(g192), —(—1)'x(g1)z(92)) p ((-1)'2(g1), 2(92))
(3.15)
x ((-1)%, z(91)) PYr((g192), n) " vr(x(91), n) vr(z(g2), 1) YE((-1), m).

and

(3.16) ()t = vy e ()2 vr(m) v (-1,m)",

since vp(1)? = 7r(—1,7)~1. Thus, if we set

(3.17) Bv(9) = Bo(g)vr(x(9),m) ™ vr(n)™™,

where g € P1; P, we have
(3.18)
vr(n o L) =Pv{(g192)Bv(g1) ™' Bv (92) "

x [he(Lp) (z(g192), —(=1)'x(g1)2(g2)) F ((=1)*z(g1), 2(g2))F
(-1, 2(91))F]™"
x [yr((=1)%,m)r(-1,7)"".
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Here
(3.19) (DL 1e(-1,0) = (-1, -1 T

Thus, by (3.9), our cocycle is cohomologous to the m-th power of the cocycle

(3.20) c¥(g1,92) = (z(9192), —(g1)2(g2)) r (2(91), z(92)) F
X (<1, ~Dp T ((~1)%, det(Lp))r he(Lp),

which is clearly of order 2. This is precisely Rao’s normalized cocycle, and the
derivation is substantially as in his paper. If m is even, we have given an explicit
trivialization of yp(n o L), as required.

CaSE 1_: In this case, the Weil index of L is identically 1, so that there is
nothing to do.

CASE 24: Now we have

vr(no L) = vr(n)*™thp(D)™

(3.21) = (=L, -4 (-(-1,-1)F)™
= (-1

Recall that, as in section 2, hp(D) = —(—1,-1)p. We let

(3.22) Bv(g) = (-1)™

where g € P7; P, and obtain

(3.23) vr(no L) = By(g192)Bv (91) ' By (g2) ™

as required.

CasE 2_: Note that we now have z(g192) = (g1)z(92) det(Lp), since e = —1.
Then

(3.24)
vr(no L)
= (-1)™(~1,det(V))F (—1,det(Lp))F (det(V), det(Lp)) ryr(n)*™
= (=1)™(=1,det(V))5 ((-1)™ det(V), z(g192)2(91)=(92))r (-1, ~1)F".
Setting

(3.25) By (9) = (~1)™ det(V), 2(9))F (=1,det(V))} hr(D)™,

we obtain the required trivialization.



384 S. S. KUDLA Isr. J. Math

CASE 3,: This is the most interesting case. We have

yp(no L) = (=1, ~A)R T T (A det(V)) (A, det(Lp))7

x r((—-A)™, 1) vr(n)*™.

(3.26)

Now we observe that

L(me—1

(3.27) (=AY, 0) 7p(n)>™ = (—1,~A)p T (=4, n) ™ty (=1,7)""".

Set

(3.28) Bo(g) = (A, det(V)Yp vr(—A, n) "™ yp(—1,m)™.
Note that

(3.29) Bo(g) = rr(no RV)™

where RV is as in Lemma 2.4. In fact,

vr(n o RV) = vr(det(RV),n)yr(n)*"hr(RV)

(3.30) =vr((-A)" n)yr(=1,7)"" (-1, _A)F (A det(V))r
=1r(=A,7)"vr(-1,7)"™(A,det(V))F,

as claimed. Removing the coboundary of 3y leaves

(3.31)

l l! ml!ml 1[ ¢ ! ) m m
(-L,-A)p = T * (A, det(Lp))E vr(~A,1) "2 yp(—1,7)2™.
Here

! 1) ml!mt—l! ( -1)
(-1,-A)p =t TR o

while the last two factors reduce to

(3.32) 1r(=4, 7)™ yp(-1,7)*™ = (-1, A)F
and
(3.33) (A, det(Lp))F = (A, z(g192)x(91) " 'x(92) " H)F (-1, A)F*

Thus (3.31) becomes

(3.34) (A, 2(g102)2(91) " 2(g2) 1) 2.
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Note that, in this expression, the quantity z(g192)%{(g1) " z(g2)~" lies in F*,
while the individual factors need not. Now choose a character £ of EX which

extends the quadratic character

(3.35) €g/p(T) = (T, A)F

of FX. Then

(3:36)  (A,2(g192)2(g1) ' 2(g2)TF = €(2(9192))€(2(91)) T E(x(g2)) -
Setting Bv(g) = Bolg) £(z(g)), we have

(3.37) vr(no L) = By (9192)Bv(91) " Bv(g2) ™",

as claimed! Note that this trivialization depends on the choice of ¢, and that any
two such choices differ by a character u of E* which is trivial on F*. Such a
character corresponds to a character i of E*, the subgroup of E* of elements of
norm 1 to F. In fact we have

LEMMA 3.5: In all cases, if g € Pr;P C G = G(W), then

det(g) = ¢ 2(9)

z(g)"
Proof: Since det(r;) = € it suffices to check this identity on p € P. But
_ (ta‘r)—l b
(3.38) p= ( 0 .
with z(p) = det(a) € E*, and
z(p)
3.39 det(p) = ,
(3.39) (p) o)

as claimed. [ |

Thus, any two choices of 3 differ by a character fiodet, as expected by general
principles.

CASE 3_: As in section 2, let V' (resp. W') denote the Hermitian (resp. skew
Hermitian) space which is obtained from V' (resp. W) by scaling the form by é.
Note that G = G(W) = G(W') = @', and that, if g; and g2 € G have Leray
invariant Lp = Lp(Y,Yg;"',Yg,), then the Leray invariant defined with respect
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to W' is just (Lp)’, the Hermitian form obtained from Lp by scaling by §. Thus,
RyLp = Ry/(Lp)' and the cocycles pulled back via ¢y and ¢y coincide. Thus,
if we take

(3.40) Bv(g) = £(='(g))™1F(no RV') ™,

the cocycle is the coboundary of By. There are two subtle points however. First,
the function z'(g) here is Rao’s function for G(W’); this is related to the Rao
function for G(W) as follows.

LEMMA 3.6: If g € Pr;P C G(W), then, viewing g € G(W'),
2'(9) = (=6)z(g).

This relation is due to the dependence of x(g) on the choice of standard basis.

Proof: If ey, ...,e, is the standard basis of W used to define z(g), then
(3.41) €1y--erbn,—0 tel,...,—67 el

is the corresponding standard basis for W’. In particular, if 7 € G(W) and
7' € G(W’) are defined as in section 1.2, with respect to these standard bases,
then

(3.42) 7= (5;1 _06) r.

Thus z'(7) = (—6)~"z'(7') = (-8)~™ and similarly, z'(rs) = (—6)~5!. Since for
p € P, z'(p) = z(p), the Lemma follows. [ |

Thus, since £(—86) = £(N(6)) = 1, we may write
(3.43) Bv(g) = £(x(9))™E(8)™ vr(n o RV') 7,

Now the space RV’ also depends on the choice of §, but it is easily checked
that the quantity £(8)™yr(n o RV')~! does not. This completes the proof of
Theorem 3.1. |

Proof of Corollary 3.2: When F = R, a slightly more direct proof of Theorem 3.1
can be given as follows. Recall that, if L is a diagonal quadratic form, then

(3.44) w(no L) = yr(a1n) - - - m(ann)
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and thus, if L has signature (P, Q), we have

(3.45) yr(no L) = m(n)F~9.

Now let Lp = Lp(Y, Yg{l,Ygl) and set L = py(Lp), as before. Let £ =
dimp(Lp), and let (p,q) = sig(V) and (r,s) = sig(Lp), as in Proposition 2.3.
Also let (P, Q) = sig(L). We then obtain

((p—q)(r—~s) incasel;
0 in case 1_
4(p—q)(r - s) in case 2,
3.46 P-Q=

(3.46) Q=1 0 in case 2_
2(p—q)(r—s) incase3,
| 2(p—¢q)(r—s) incase3_.

We also recall from Proposition 1.6 that

(3.47) det(Lp) = z(g192)z(g1) " x(g2) " (—e€)*
and
(3.48) L=j1+ja—j—2t

In cases 1_ and 2_ there is nothing to prove. Note that in cases 1, 24, and 3,
(3.49) sgn(det(Lp)) = (-1)°,
while in case 3_, taking 6 = i,
(3.50) sgn(i’ det(Lp)) = (-1)°.
Writing r — s = £ — 2s and using the relations just recalled, we easily obtain:
7(n)a(p—q)(r—s) = 7(,7)a(p—q)(l—2s)
(3.51) = (v)*) 7 (a(=1,m)*)"™,
where o =1 in case 14, 4 in case 2, and 2 in case 34. Thus,
~y(n)*(P—a)(r—s)
(=1)mUr+ia—9) in case 2,

={ r(—1,n)~P-DGr+i=3)(_)m(s+1) in cases 34 and
()P~ DG +ia=i)yg (1, 9)P-)e+)  jp case 1 +

(3.52)
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In case 2, we are then done, taking By (g) = (—1)?. In case 3, we have

(3.53) (=1)°** = (=1)*det(Lp) = z(g192)=(g1) 'x(92) ™",
while in case 3_, for § = 7, we get

(—1)**t = it det(Lp)(-1)!
(3.54) = i~ x(g192)i x(g1) iz (g2) .

Taking a character £ of C* whose restriction to R* is €C/rs We let

(3.55) By(g) = { £(z(9)) (=1, )P~ in case 3,

£(2(9))€(3) yr(=1,7)P=DI  in case 3_.

This is the expression claimed in Corollary 3.2.
Finally, in case 1, with m and hence p — g even, we have the same calculation
as in case 3, except that the quantities z(g) are already in R*. Thus

(p—q)i

(3.56) Bv(9) = (2(e), ~1)g” m(~1,m) "7,

will trivialize the cocycle in this case. Finally, if m is odd in case 14, the cobound-
ary of

(3.57) B (9) = w(z(g), )~ (x(9), ~ D (m) I *~

will reduce the cocycle to Rao’s ¢, just as in the non-archimedean case. 1

4. Other unitary groups, some examples

We now consider the case in which the space W is not split, i.e., does not allow
a decomposition as a direct sum of maximal isotropic subspaces. In this case, a
doubling proceedure suggested by Michael Harris provides a kind of reduction to
the split case. The result is not quite as explicit as before, but should still be
adequate for many purposes.

We retain the notation of the previous sections.

First we observe that in case 1,, W is always split, while in case 1_, i.e.,
G = O(W), we may as well take Y =Y ® p W for some polarization V = X +Y.
Then the image ¢y (G) lies in Py and the cocycle cy is trivial on this group. Thus
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we need only discuss cases 23 and 3; (We now avail ourselves of the non-canonical
identification of 3_ with 3,).

Let W denote the space W with the negative —( , ) as e-skew Hermitian form.
The space W + W is then a split space. Also let W = V @p W, etc. We let
G(W) act on W 4+ W via its natural action on W extended trivially on W. We
thus obtain a commutative diagram:

G(W + W) —%— Sp(W+ W)
(4.1) iI
W) 22 o (W) x Sp(W)

where the lower horizontal arrow is given by g — (tv(g),1).

Now, if Y € (W + W) is in the image of the map Ry from Q(W + W), an
explicit trivialization of the cocycle ¢},cy on the group G(W + W) is given in
Theorem 3.1 above. We write

(42) L;/CY = aﬁVa

where we write

(4.3) 3Bv (g1, 92) = Bv(9192)Bv(g1) B (g2)~".

On the other hand, if Y € Q(W+W) has the form Y = YNnW+Y'nW = Y} + Y3,
then the pullback of cy to the group Sp(W) x Sp(W) is the product of cy; on
the first factor and cy; on the second. The further pullback ¢y cy; is the cocycle
whose explicit trivialization we seek. But finally, the cocycles cy and cy' are
cohomologous on Sp(W + W), i.e.,

(4.4) cyr =cy - O
for some function A: Sp(W + W) — C!. Combining these facts we obtain
(4.5) chY'l = a(i‘ﬂv) . 6((Lv o i)'/\) = a(i*(ﬂv . L://\)),

as desired. This proves the known result {5]:
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PROPOSITION 4.1: In all cases except 1, withm = dim V odd, there is a splitting
G(W) — Mp(W) of the restriction of the metaplectic cover to G(W).

In order to make this splitting ‘explicit’, we should still try to determine Sy
and A as explicitly as possible on G(W) for suitable choices of Y and Y. For
convenience, we will only consider the 3. The other cases can be treated simi-
larly.

The form ( , ) on V can be diagonalized; so we may write V = ®&;V; as an
orthogonal direct sum of one dimensional spaces. The space W=V Qp W =
®;Vi®p W = ®&;W; is likewise decomposed, and if Y’ € Q(W) is compatible with
this decomposition, i.e., Y = &;Y. N W;, then the restriction to G(W) of the
associated cocycle cy is a product of the cocycles Ly, cy:. Thus we may as well
assume that dimp V = 1.

Let wy,...,w, be an E-basis for W for which the skew—Hermitian form has
matrix
(4.6) da = § - diag(ay,...,an),

with a; € FX. For g € U(W), write w - g = (z + éy) - w where w is the column
vector whose components are the w;’s and =,y € M,(F). Note that then

(4.7) (z + by)at(z — 6y) = a.

Also note that if V = E with (v1, v2) = bv]v; for some b € F*,then W ~ Rg/,r W
with

(49) (o) =50 trge((, ).

(The factor % is the k from (0.10).) Thus, for purposes of calculation, we may as
well assume that b = 1, by absorbing this scalar into the a;’s. Let

(4.9) Y; = spanp{wi,...,w,} € QW).

We want to trivialize the pullback ¢*cy; on G (W), following the above procedure.
We let w; € W be the corresponding basis of W, and we take

(4.10) Y= spa.nE{w1 + Wy,y..., Wy + QTJ“} € Q(W + W),
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and let
(4.11) Y = spanp{6(w; + w1),...,6(wn + Wn), ws + D1, ..., Wn + Wn}

be its image in Q(W + W). By Theorem 3.1, we know how to trivialize the
pullback of cy to G(W + W). Also let

(4.12) Y =Y + Yy = spang{—(a:48) " wy,..., —(and) 1wy,
—(a18) Yy, ..., —(@n6) b, }.
Here A = 62. Note that these maximal isotropic subspaces have the properties

required for the doubling argument outlined above. Moreover, we have a complete
polarization

(4.13) W+W=Y+Y,
and the bases we have given comprise, together, a standard symplectic F-basis

—(a18) Ywy,. .., —{@nA) w,, — (a16) " b1, . . ., —(@n ) MDn,

(4.14)
§(wy + W), .-, 8(wn + @)y w1 + Wy, ..., W + T,

for W + W. On the other hand, we take
(4.15)  (2a18) Y(wy — 1), .-, (2808) " (W — Wn), w1 + D1, . . ., Wy + Dy,

as our standard E-basis for W + W.
Now a straightforward calculation shows that the matrix for the the image of
g =1z + 6y € G(W) in G(W + W), for our chosen basis (4.15), is

(4.16) h= % (*’(;Sgl-;zza (258)9‘1(.({ - 1)) €EG(W + W),

where we abuse notation and write g for £+ §y. Thus one factor of our ‘splitting’
will be the function g — Sy (k) on G(W).

The matrix for the image of g = z + 6y € G(W) in Sp(W + W) for the basis
(4.14) is

a~!zra -a~lya —(Aa)"ly 0
@417 K= 0 ! 0 0} cspw+w)
~-A%ya Az -1)a T 0 )

=A(z-1)a Aya Yy 1
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Note that the basis (4.14) used here is not compatible with the decomposition
W + W, and this effects the form of A'.

Since we are interested in splitting the restriction of the cocycle cy; to G(W),
we consider the basis

(4.18) bwy, ..., 6wn, (Aay) twy,. .., (Aan)’lwn

for W = X] +Y). The image in Sp(W) of g = z + 6y € G(W) has matrix

(4.19) ( o Alay >

(Aa)~ly a lza
with respect to this basis.

Next we need to relate the cocycle cy, whose pullback is explicitly split, to cy.

LEMMA 4.2: The 2-cocycles cy and cy: associated to any Y,Y' € Q(W+W) are
related as follows: Fix a € Sp(W + W) such that Y' = Ya. Then

ev(g1,92) = ey(agia™, agoa™t).
More explicitly, if
A(g) = CY(a7 ga_l)cY(ga a_l),

then
ev (91, 92) = A(g192)A(91) " M(g2) tev(g1, 92)-

Finally, by Rao’s formula for the cocycle,

Mg) = vr(no L(Y, Y g7, Y) vr(n o L(Y, Y, Yg)).

Note that the final formula here is independent of the choice of a.

If we let w = 73,, € Sp(W + W) as in (1.9)-(1.10), then, for our special choice
of Y and Y’, we have Y = Yw and, for any h € Sp(W + W), h~! = wthw™l.
Then we obtain the following.

LEMMA 4.3: For g € U(W) and for k' the associated matrix, given by (4.17)
above, the function \ which relates the cocycles cy and cy: is given by
W Ag) = yr(no L(Y, Y, YA')) - vr(n o L(Y, Y, Y1)
= yr(det(L), n) ve(n)* he (L) vr(det(L'), n) yr(n)® he(L).
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Here L = L(Y,Y',YK) and L' = L(Y,Y', Y&’) have dimensions £ and ¢ respec-
tively.

Here we have used Lemma 3.4 to express the Weil index of the Leray invariants
in terms of their determinant, dimension and Hasse invariant.
Next we compute the quantities det(L),det(L’), £ and £ in general. If we write

(4.20) h = (é g),

then the dimension r of the space

R=YnY+Y YW +YR'NY

(4.21)
=Y NYr +YH'NnY
is given by
(4.22) r = 2n — rk(D) + 2n — rk(C).

Note that the dimension of the image of the projection of YA’ to Y (resp. Y') is
tk(D) (resp. to rk(C)). Thus, we have

(4.23) ¢ =dim(L(Y,Y,YRr')) =2n — 1.

But rk(C) = 2rk(g — 1) and rk(D) = n + rk(z). We may argue similarly for
L(Y, Y, Y'R').

LEMMA 4.4:
¢ =dim L(Y,Y',Yr') = 2rk(g — 1) + tk(z) — n

and
¢ =dim L(Y, Y, Y*R') = rk(z) + rk(y) — n.

Invoking Proposition 1.6, and recalling that j(w) = 2n and z(w) = 1, we have

LEMMA 4.5: For both L = L(Y,Y',Yh') and L' = L(Y,Y',Y'h') the quantity ¢
defined in Proposition 1.6 is n — rk(z). Also,

det(L) = (=1)" @)y (p'w)z(h') "1,

and
det(L') = (=1)" @z (th'w)z(th’) 1.

Combining ingredients, we obtain the main result of this section.
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PROPOSITION 4.6: For a skew—-Hermitian space W, (,), with E-basis
{wi,...,wa}

as in (4.6), let W= Rg/rW and

1

{,N= EtTE/F« y )

For g = z + 6y € G(W), define

©: G(W) — Sp(W)
T Aay
g ((Aa)‘ly a‘l.’ca) ’

as in (4.19), and let h € G(W + W) and &' € Sp(W + W) be given by (4.16) and
(4.17) respectively. Let

Yo = spang{wy,...,wn} € YW)
(This is Y} above). Then
ey, = Op

where:
1(g) = B(R)A(K)
with B(h) = By (h) given by Theorem 3.1 with V = E and (x,y) = z"y. Also,

MH) = 7 (-1 @ a(hw)a(k) ™, 1) - 1p((~)" o (hw)a(H) )
X (=1, m) oA~y () K8 (L) (L)

Here L and L' are as in Lemma 4.3 above.

Now, it only remains to determine the Hasse invariants of L and L'. We will
do this only in the simplest case n = 1. It would be interesting to find analogous
formulas for these invariants in the general case.

First observe that YA’ is the two dimensional isotropic subspace spanned by
the last two rows of b/, i.e., by the rows of (C, D) where, since n =1,

B —(A?a Aa)(x-1) z 0
(4.24) (C,D)—(_(Aa)(x)—yl) ( (Ba)y 1>'
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Note that, if z # 0, then, setting Y = Yh', we have R=Y NY” = 0. Also,
(4.25) det(C) = (Am)*Ng/p(g - 1),

where g = z + 6y € E1. Thus, if g # 1, C is invertible. The space YH' is then

also spanned by the rows of (1,C~1D), i.e.,

-1
(4.26) Yh’=Y'((1) CID),

so that, if g # 1 and z # 0, the Leray invariant is

(427 L=LY, Y, YW)=C"'D= (Aa)_lNE/F(g -1 (1 f z l_—A:) :

Diagonalizing, we have

(4.28) L=(Aa)_1NE/F(g—1)‘1(g 2y‘1:c(()1-x)> [((1) y‘l(ll—x))].

Thus, up to isometry,

(4.29) L~ ( 28ay(1 - z) Aazy) :

Similarly, Y” := Y*h' is spanned by the rows of (*B, D), i.e., by the rows of

GraREE)!

Thus, if y = 0, then Y”" =Y, R=Y and L' = 0, while,if y #0, R=Y"NY

is one dimensional and is spanned by the second row. In this case, £ = 1,
L' = (-Aa)y~'z and hp(L') = 1.
This gives:

LEMMA 4.7: In case n = 1, assume that ¢ # 1 and z # 0. Then, { = 2,
x(z(g, 1)) = (g - 1)6a1

det(L) = 2z(1 — ) € FX/F*?,

and
hr(L) = (=22(1 - z), Aazy)r.
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Also, ify #0, then ¢/ =1,
L' = det(L') = —Aazy € FX/F*?
and hp(L') = 1.
Proof: We just check the Hasse invariant of L

hr(L) = (2Aay(1 — z), Aazy
(4.30) = (2Aay(1 — z), Aaxy
= (-2z(1 - z), Aazy)r

)F
)F (—Aaa:y, Aaxy)p
as claimed. 1

Combining all of this information, we obtain

PROPOSITION 4.8: Assume that n = 1. Then, for g # 1 and xy # 0,

B(h) = &(6alg — 1)) vr(A, 7).
and
MK') = vp(2A8ay(1 - z),1) 7r(n).

These combine to give

u(g) = &(6(g — 1)) 7r(2ay(1 — 2),m) (A, ~2y(1 — 2)) p Y7 (M)

Proof: Using the expression in Lemma 4.3, and the result of Lemma 4.7,
(4.31)
AR = vp(2z(1 — z),m) vr(n)? (- 22(1 - z), Aazy) , yr(—Aazy,n) Yr(n)

= vp(22(1 — ), n) vr(=1,m) " \vr(=1,m) vr(Aazy, n) (-1, Aazy)p
x (- 2x(1 — z), Aazy) . Yr(n)

= yp(2Aay(l - ), 7) (2:1:(1 —x), Aa:z:y)F (-1, Aazy)F
x (—2z(1 - z), Aazy)F vr(n)

= vr(248ay(1 - z),7) vr(n).-

Combining this with

B(h) = &(balg — 1)) vr(=A,m) "vr(-1,7)
= {(6a(g — 1)) 7r(A,n),
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from Theorem 3.1, we obtain

u(g) = £(6a(g — 1)) vr(A, n) vr(2Aay(1 — x),7) yr(n)
(4.32)
= (4,2)r€(6(g — 1)) vr(2ay(1 — 2),71) (A, 24ay(1 - x)) . 7 ()

=£(6(9 — 1)) r(2ay(1 — z),7) (A, —2y(1 — z))ryr(n). N

Next we check that this indeed yields a splitting of the restriction of the stan-
dard cocycle for SLy(F), [8], p. 348, to the image of U(1) ~ E! for the embedding,
from (4.19):

_ T A?ay
(4.33) g=x+6y— <(Aa)‘1y :r ) .

This verification is based on the method of S. Brocco [1].
For simplicity, we suppose that a, 8, and v € E! with a8y = 1, and we write

a+d ﬁ:b+6 and 7=c+6
a—46

(4.34) a= 55 Py

with a, b, and ¢ € F. In particular, we suppose, for the moment, that none of a,
B3 or v is equal to 1. Then, for a = z + 8y, say,

a2+ A 2a
(435) xr = m and Yy = aT——A’

and similarly for a and ~. It is easy to check that the condition a8y = 1 implies
that

(4.36) —A =ab+bc+ca

and also that

(4.37) (@® = A)(b? - A)(c = A) = (a + b)2(b + ¢)?(c + a)?.
and
(4.38) (a—6)(b-68)(c—6)=—(a+b)(b+c)(c+a).

We must show that the quantity

(4.39) p(r™Hu(e) " u(B) ™
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coincides with the cocycle, obtained using (4.18),

(ba0) @D =07 ((Aaaff A) (Aab22—bA) (Aac;—ch) ’"> ()
= yr(-24a- abc) vr(n).

Note that a8 = v~} corresponds to —c.
Now we have, for a = z + 6y, as above,

(4.41) f(a—1)= a2—A6 and 2y(l-z)= (72—8?% = ~2Aa mod F*?2,
Then
(4.42) ule) = (=2,A)r&(a + 6) yr(—2A0aa,n) (A, 2Aa)F Yr(n)

= (A, a)pé(a + 8) yr(—2Aaa,n) yr(n).

It is easy to check that
(4.43) pla™) = p(a)7t,
and so (4.39) becomes

p(y Y™ )u(B™1) =(A, abe)pé(a + 6) (b + 8)¢(c+ )7
x yr(20aa,n) 7r(2Aab, n) vr(24ac, 7) 1 (n)*
-1
=(A, abc)p ({(a +6)E(b+8)€(c+ 6))

x vr(2Aaabe,n) Yr(=1,1) " v (n)
x (2Aaa, 2Aab)F (ab, 2Aac)p

(A, abo)r (g(a +6)€(b+ 6)E(c+ 5)) )

x vr(2Aaabe, n) vr(—1,7) " vr(n)
x (2Aa,-1)p(a,b)r(b, c)r(c,a)F.

(4.44)

Next we apply the following identity:

LEMMA 4.9 (S. Brocco [1]): For a,0,and v € E* as above,

E(a+8)E(b+8)E(c+6) = (A, abc)p(—1, —abc)r (a,b)r (b,c)F (c,a)F.
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Proof: For covenience, we include the proof. Recall that (a,b)r = (—ab,a+b)F.

(a,)r(b,c)F(c,a)r = (ab,c)r(a,b)F
= (ab,c)r(—ab,a + b)F
= (ab,c(a+ b)) r(—1,a + b)F
(=1,a + b)p(—abe(a + b),c(a + b) + ab)p
(-
(-

4.45

Il

1,a+b)p(—abd(a+b), -Ap
1, —abc)p(—abe(a + b), A)r
—1, —abc)p(—abd(a+ b)(b+ c)(c+a),A)F

(by symmetry)

abe
= e (g ),
= (—1,—abc)r(A,abc)p E(xz + 6)E(b + 6)E(c+8). W

Using this in (4.44), we obtain:

(A, abe)r (A, abe)p (—1, —abc)r

x vr(28aabe,n) 7r(—1,7) (-1, ~1)r 7r(n)(2Aa, -1)F
= (—1,2Aaabd) r yr(2Aaabe, n) vr(=1,1) vr(n)
= yr(~2Aaabe,n) vr(n)!

(4.46)

This is the desired result in the case where a, 8 and ~ satisfy the conditions of
Proposition 4.8. The remaining special cases, e.g., where one of a, § and 7 is
+1, are left to the reader.

5. Schrédinger models

We now return to the situation of sections 1-3 and assume that W is a split e-
Hermitian form with a fixed complete polarization W = X + Y, and compatible
standard D-basis ey, ..., e, as in §1.2. We want to write down the operators for
the Weil representation wy = w o iy of G = U(W) for the standard Schrodinger
model {11], [8].

Note that, for the complete polarization W = X 4+ Y, we have X ~ V" (row
vectors of length n). For any element

o= (‘j,' @’) & Sp(W),
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Rao defines a unitary operator r(o) on L%(X). It is given explicitly as follows:
Let Y, = Y/ker(v) and let dp, be a suitably normalized (cf. (8] ) Haar measure
on Y,. Then for ¢ € S(X) and z € X,

r(o)p(z) = /Y folz+ ) olza + y7) duo(y),

where . )
folz +y) = $(5(za2B) + (y7,26) + 5(?!’7,1/5})-

In our case, if we identify both X and Y with V™, as above, we have

((z1, 1), (z2,¥2)) = & - trptr((x1,y2) — €(¥1,22)),

where k is as in (0.9). Thus we obtain, for

a b
g - (C d) e G7
1 1
fvg)(z+y) =17 (EK - trptr(za, zb) + & - trptr(yc, zb) + 3f trptr(ye, yd)).
For By is the function defined in Theorem 3.1, we set

wy (9)¢(z)

1 1
= ﬂv(g)/ w(an -trptr(za, zb) + & - trptr(yc, zb) + EN -trptr(ye, yd))

g

o(za + yc) dug(y),

and, excluding the case 1, with m odd, we obtain a smooth representation of G
on S(V™).

In the case 1, with m odd, the operators wy(g) define a representation of
the twofold cover Sp,,(F) x uz where the cocycle c¢%(g1,92) is Rao’s normalized
cocycle, given in section 3 above.

Finally, we note that the image of the group H = U(V) under the embedding
ww lies in the Levi factor of the parabolic subgroup of Sp(W) which stabilizes
Y. Since Rao’s cocycle for Sp(W) is trivial on this subgroup, there is a natural
splitting

U(V) — Mp(W) =~ Sp(W) x C'
h — (h, 1),
and the resulting action of the group H = U(V) on S(V™) in this model is just
the natural linear action

w(h)p(z) = p(h~'z).
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